stichting

mathematisch

centrum MC
AFDELING TOEGEPASTE WISKUNDE TwW 154/75 NOVEMRER

J.W. DE ROEVER

ANALYTIC REPRESENTATIONS AND FOURIER TRANSFORMS OF ANALYTIC
FUNCTIONALS IN Z' CARRIED BY THE REAL SPACE

Prepublication

2e boerhaavestraat 49 amsterdam

Lagr et ) T o W




inted at the Mathematical Centre, 49, 2e¢ Boerhaavestraat, Amsterdam.

‘he Mathematical Centre, founded the 11-th of February 1946, is a non-
mo g4t Anstituiion aiming at the promotion of pure mathematics and its
tpplications. 1t is sponsored by the Netherlands Government through the
letherlands Onganization forn the Advancement o4 Pure Research (Z.W.0),
y the Municipality of Amsterdam, by the University of Amsterdam, by
‘he Free Univernsity at Amsiterdam, and by industries.

MOS) subject classification scheme (1970): 42A68, 46F05, 46F15




lytic representations and fourier transforms of analytic functionals

Z' carried by the real space

. de Roever

' TRACT

In the space Z', the Fourier transform of the space D' of Schwartz-
stributions, the notion of carrier is introduced. A characterization is
ren of all distributions in D' the Fourier transform of which is carried
R". Both, such distributions and the analytic functionals in Z' carried

n . .
R, are represented as sum of boundary values of holomorphic functions.

's extends the case of tempered distributions which, regarded as elements

Z', are obviously carried by R".

Y WORDS & PHRASES: boundary value of a holomorphic function; carrier of

an analytic functional; Fourier transforms of distrib-

utions and analytic functionals.







INTRODUCTION

Tn VLADIMIROV [9,26.3 & 26.4 th.2] theorems are derived concerning
rier transforms of tempered distributioms in S' with support in a certain,
ounded, convex set. These Fourier transforms can be represented as bound-
. values in S' of holomorphic functions in a tubular, radial domain.
s yields an analytic representation of distributions in S§', i.e., a sum
distributional boundary values of certain holomorphic functions. In
.s paper these notions are generalized such that the boundary values are
longer attained in S8' but in the space Z', which is the Fourier transform
the space D' of Schwartz-distributions. These boundary values are analytic
ictionals in Z' carried by R" and their inverse Fourier transforms are
stributions in D'. Moreover, a characterization is obtained of those dis-

butions in D' such that their Fourier transforms are all analytic func-

mals carried by R™. Then analytic representations of such functionals

| distributions are given. This extends the case of tempered distributions
Lch,regardaiaselementsofz',areobviouslycarriedbyiRn.Finally,thespaces
functions, holomorphic in tubular radial domains of exponential type in

z and of polynomial growth in Re z, and the spaces of their inverse

irier transforms are provided with topologies such that Fourier trans-

rmation is a topological isomorphism.

NOTATIONS AND DEFINITIONS

We will denote vectors in ¢ by z = (z],,ﬁ.,zn) = x + iy and by
= £ + in, where x,y,£,n are vectors in RY, The norm in R" and ¢" will

denoted as I+, For t,w € R™ or @nﬂ t.w will stand for tlwl+'°'+tnw . Let

n
a )
be an n-tuple nonnegative integers, then Di = D]]..,Dnn, where Dj =
-
8/8xj, and DX = (S/BX],,..,B/BXH); when no confusion arises the sub-

ript x will be omitted. Similarly, for t e R" or ¢ t” is defined.
rthermore, |a| = u1+...+qn and al! = allaa,an!. For b € R, b will denote
e vector (b,...,b) € RrR".

We remind the testfunction spaces F,D (cf. [7], K in [4]), S and Z
d their duals denoted by ', which also refers to the strong topology. The

tion of an element f ¢ W' on functions ¢ € W will be denoted by <f,¢> or




b>w,. Sometimes we will write fg and ¢(&), if W consists of functions

;. In that case W', Wand < , > will be denoted by Wé, Wa and < , >£,
., We mention explicitely the action of a function f, regarded as an

nent of D', to a testfunction ¢ in D

n

1) <f,¢> = J £(e)o(e)de.
R

The Fourier transform of an Ll-function ¢ is given by

Flol(x) = FLo(E)1(x) = f 8(£)e™ " ac.
RY
1 D is the Fourier transform of Z and D(a) of Z(a), where D(a) is the
e of C -functions with support in {¢ I lel < a}. Z(a) consists of
.re functions ¢, such that for all m

, def m -alyl
3] ”\b"m = Supn (1+lz)™ e

zeC

[y(z)] < o,

Fourier transform of a distribution f ¢ D' is defined as that element
| of Z' for which

D <FI£1,05,, = <E,FLu15,, ez,

Z'

SCHWARTZ [7]. D

Elements p of Z'(a) can be written as <u,y> = Sf(x)¥(x)dx for some

re function f, see GELFAND & SHILOV [4,TIII §2.3]. Hence u is a functional
he space of restrictions to RY of functions in Z(a). In general, this
0o longer true when p e Z'., We say that u e Z' is carried by the closed

Qc m“, if for every e-neighborhood Q(e) of @ 1 is already a functional

ince also Z is the Fourier transform of D, a similar definition gives the
'ourier transform of analytic functionals pe Z'. Then, if for p ¢ Z' x is
efined by < ,y(z)> = (2m)™™ <y ,U(T)>, ¥ € Z, g = Flu] implies F[g] = Y.
‘herefore, thé theorems of sectiofi & of this paper dealing with inverse
ourier transforms g of elements p ¢ Z' may just as well have been
ormulated with g = F[u], hence with Fourier transforms of analytic
unctionals instead of inverse Fourier transforms, cf. the title of

his paper.




the space Z Q(e) of restrictions to Q(e) of functions in Z, where Z‘Q(e)
ries the topology induced by Z,i.e., in (2.2) the supremum should be

en over all z ¢ Q(e). According to EHRENPREIS [2,th.5.13*] a fundamental
tem of neighborhoods of zero in Z is given by V(k,a) = {v € Z |

z)| < ak(z)}, where o > 0 and k is a positive continuous function of the
lowing form: let {aj} be a strictly increasing sequence of integers

h ag = a; = a, = 0, a9 2a., and let % be a positive integer; set

) = (1+Hx")_Q(1+Hyﬂ)_Qexp((j—Z)HyH) for aj(1+1og(I+HxH)) < Iyl <

a (1+log(1+lxl)); the definition of k is completed by requiring that

i+l
s a function of lIxl,lyl which is continuous and such that, for fixed Ixl,
Ckxl,lyl) + 2llog(i+lxl) + log(l+lyl)] is linear in lyl in the regions
which it is not already defined above. Then a fundamental system of
ghborhoods of zero in Z Q(e) is obtained by {¢ ¢ Z\Q(e) | lv(z)] < ak(z),
Q(e)}. Now the Hahn-Banach theorem and Riesz' representation theorem

1y that for every e > 0 an analytic functiomal u carried by 2 can be

resented as a measure w_ on Q(e) satisfying

¢ ldu _(2) ]
-t <
kE(z) €
Q(e)
re kE is a function as described above depending on €.
In this paper we will be concerned with closed sets @ which are
inded in the imaginary direction,i.e., @ is contained in a set of the

m {z | Iyl <b}, b2 0. Then, if Z(a)m denotes the normed space of func-
yns in Z(a) provided with the norm (2.2), the spaces ZF = pro&ﬁ&im
}+£1m Z(a)m and Z = ingﬁgim pro$+&im Z(a)m induce the same topology on

2(e) Indeed, according to EHRENPREIS [2,th.5.10] a fundamental system

neighborhoods of zero in Z_ is given by V(k',a), where now k'(z) =

F
Qlxl) T k;(y) withm > 0 and with k; a positive, continuous, function

ninating every exp allyl, a > 0. ZF is the Fourier transform of the space

the test space for the finite order distributions. Hence the (inverse)

irier transforms of all elements u in Z' carried by Q are finite order
stributions and, moreover, for every & > O these u satisfy

m{e)

|<p,v>] < KE zg§%%) (1+lxl) fw(z) 1, Ve Z,




h KE and m(e) depending on € and u. The above representation yields that

every € > 0 u can be represented as a measure . on Q(e) satisfying

ldu (z)|
4) 2

e ——————————————— <
m(e) ~ e
9le) (1+0xl)

particular, we will be concerned with analytic functionals in Z' carried
R".

The support of a distribution f € W', where W is a space of c -
ctions on Rp; is defined as the smallest closed set U such that any

¢ U has an open neighborhood V., with <f,¢> = 0 for every ¢ ¢ W with

) = 0 1if g ¢ VO. In section 5 8e will show that for certain sets U, in
ticular for convex sets, f can be represented as sum of weak derivatives
measures on U.

Finally, C will denote an open cone in R" (i.e., t € C= At ¢ C,

0), ch(C) its convex hull, pr C = {y ¢ C | Iyl = 1} and C' cc C means
t C' is a relatively compact subcone of C, i.e., pr C' c pr C. The
ction

He(€) = sup  -y-¢
yepr C
the indicatrix of C. C* denotes the closed cone {¢ l y*£ 20, ye C} =
£ I uc(i) < 0} and C* = RP\C* ={g ] uc(g) > 0}. Furthermore

o) sup

N uch(c)(é) .

uc(i)

will consider holomorphic functions f in the tubular radial domain
= RT+iC. We say that f(z) has a boundary value £° in 2" or S' as

0, ye CoryeC' ccC, respectively, if for all ¢ ¢ Z or S the limit

5) <f*,¢> = lim J f(x+iy)d(x)dx
y->0 n
yeCor C' R

sts. The boundary value in S' is said to be attained on the distinguished
ndary of TC, i.e,, on the set {z | z ¢ TC, Im z = 0}. However, if the
it exists in Z', it is less clear a "boundary value on the distinguished

ndary", as we will see in section 3.




BOUNDARY VALUES IN Z' and S'

We consider functions f holomorphic in the tube domain TB = R"+ iB,
sre B is an open set in R". For any y ¢ B f(z) = f(x+iy) is a C -
iction in x, i.e., £(z) ¢ EX. We regard E as the strong dual of E', the
ice of distributions with compact support. By the Paley-Wiener-Schwartz
sorem the Fourier transform of E' is known as the space H of entire
wctions of exponential type in Im ¢ and of polynomial growth in Re ¢,
swvided with the topology such that the Fourier transformation is a topo-
;ical isomorphism between E' and H. Then E is the Fourier transform of

> dual H' of H. With these definitions we have the following lemma.

MA 3.1. Let f be a holomorphic function in ® with B an open set in RrR"
1 let Yo € B. Then for all y with y + Yo € B

£(xriyriyg) = Fle 7 % u(yy) 1)

uyg) = FrllEGeviy )] e B

JOF. Let p < 1 and choose € so small that y + Yo € B whenever

ly. | < ne ot s 1= 1,...,n.
1 P
ean also y + Yo € B if ]yi[ <e, i=1,...,n. For these y and for ¢X e EY
have
o (iy-ﬁx)k
<¢X,f(x+iy+iy0)>E' = <0, kEOT f(x+iy0)>E'_

order that the series converges inf it is sufficient to show that it it

unded in E. Therefore, we first estimate

T Ef(X+iy +z) |
[Da f(x+iy.) ]| < o J cos f —————ﬁg———— dz <
0 (Zﬁ)n 20+1
lz |=nlz_|=n
I n
< u!-l— sup 1f(x+iy0+z)[,

n lz;l<n
i=l,...,0




ice for

ch is

this
weak

ong 1li

y wit

ds for

Sinc

kT U(YO) = e U(Yo)

. n . .
:ompact set S in R and any nonnegative integer m

N . k
y |p® z (_1ky'.if(x+iyo)' <
) k=0 °
m
ol ! 1
sup |f(X+iyO+z)I sup — ) |y--| <
—a N
xeS lal<m 1~ k=0
|Zi|Sn
ly0..50
N
s,m) ) " < Eﬁéi?l ,
k=0

mndent of N. With y(zg) = F[¢x](c) € H we now may write

f(x+iy+iy0)>5' = kEO ( 1Z,ﬁ) ¢X’ f(x+iy0>F' =

) k

- (=y-2) - ﬁ_z;gl_ -
o PO TR Ve kzo T 1) (e,

m < z S A C) H(TQ) s (2D

<U(Y+Y0)C,¢(C)>H. with u(y+y0) = F—l[f(x+iy+iy0)]. Hence

for N >~ = exists in H'. Since H is a Montel space the

ists and equals

k
-y°z) -y°z

z g’

1v+1y0) = Fle 7’ E u(yo) 1(x)

<eg, i=1,...,n. By analytic continuation this formula

y with y + ¥y € B M

dense in F', Z is dense in H. Hence for f ¢ F the Fourier




nsform F[f] is also determined by (2.3). The space of restrictions to R" ¢

ctions in Z is dense in S, so that if, moreover, f belongs to S' then
3) implies

<FLE1,0>, = <E,F07>

Sl S!S

s we have obtained the following corollary.

OLLARY 3.2. If f(z), holomorphic in TB, for each y ¢ B belongs to S;,
n with y, € B and with g(yy) = Flle(eriy )] e 8

e V"¢ g(yo)g € Sé

vy such that y + Vg € B and
f(z+iy,) = F[e_y.i g(y.) . 1(x).
0 °M0’g
From this corollary one derives as in VLADIMIROV [9,th.26.1] that f(z
.ongs to S; for each vy ¢ B if and only if it satisfies

b £(z) | < M) (141

y ¢ Kcc B

- all compact sets K in B, where M(K) and m(K) depend on these sets K.
-eover, corollary 3.2 and VLADIMIROV [9, 26.2] yield that. if £(z)
.ongs to S; for each y ¢ B, it necessarily satisfies for every a

2) DY £(z) | < Mt (K) (1™

y € K cc ch (B),
- all compact sets K in the convex hull ch (B) of B, where M'(K) and m'(K
end on K and o. Hence f(z) belongs to S; for each y ¢ B means that (2.1
\ds for ¢ ¢ S. Clearly, in that case for each y ¢ B £(z) belongs to YA

ler definition (2.1), too.

Next we consider a function f£(z), holomorphic in TBS which for each
- B as a function of x belongs to Z', This means that f(z) is a contin—
1s linear functional on the space of restrictions to R" of functions
Z, where this space carries the topology of S. Tts closure is S, hence

z) belongs to S; for each y € B. Thus f(x+iy) ¢ S; is equivalent to




+iy) e Z' and this should be interpreted in the sense of definition (2.
"¢ € S or Z.
Let us now consider the limit in Z' as y tends to zero, if we assume

t B is connected. From (3.1) it follows that for any y ¢ B and Yo such

ty + yO € B
f
<E(@),00)> = | £y ueriyg)ax, Ve

1Rl’l

refore, the limit £% as y > 0 of f(x+iy) exists in Z' and it is given b

3 <y &

lim J f(x+iy+iyo)w(x+iyo)dx =

y>0 Rr™

= J £ (x+iy )y (x+iyy)dx
R®

all ¢ € Z and Yo € B. This limit is independent of Yo € B. Note, that
nO¢B £* can never exist in S'. If 0 ¢ B, O ¢ B, we may call £° the
ndary value in Z' according to (2.5) and this boundary value is indepen-
t of the path y - 0 in B. Still £ might not belong to S' nor satisfy
inition (2.1). For example, take B = {y | y > 0} in BU and f(z) =
xp 1/z. This function satisfies 3.1, but [ exp 1/x ¥(x)dx, VU ¢ Z, does
exist. In general, it follows from (3.1) and (3.3) that £ is an
ment of Z' carried by R" (see section 2 for the definition of carrier
Z').

The inverse Fourier transform g = F_l[f*] is an element of D'. For

D and Yo € B from (3.3) we derive
<g’¢>Dv = <f*=w>z: = <f(X+iy0),w(x+iyO)>z, =
Y9°8 YO’E
= <g(y0)€,e 9(£)>p, = <e g(yo)g,¢(£)>v. ,

re y = F—][¢] and g(yo) = F-l[f(X+iY0)]° Hence

4) By = AL g(y)g, v e B




independent of y and we have obtained (as in corollary 3.2)

5) e—y.g gg € Sé, v € B
5) £(z) = Fle V"% g 1(x).

versely, for a distribution g € D' satisfying (3.5) the function (3.6)
isfies (3.1), hence also (3.2) (see VLADIMIROV [9,th.26.2]). Conditions
5) and (3.6) then also hold for y € ch(B).

The distribution g ¢ D' can be obtained as follows: for y € K

~-1z°&

m' (K) dX,

7 go=e " FlieGerip 1, = (a00)-B-5)" &) J Extiye
2™ (AE)+z-2)

re m'(K) = 3(m(K) + n+l) and where A(K) is so large that for y ¢ K
[A(K) + zez| 2 1 + x°x .

integral is independent of y. Hence for every K cc B there are constants

D, Ma(K) and continuous functions g, KonJRn,[al < m(K), such that g can
. H
represented as
a
ge = L D gy g®)
o] <m(K) ?
8)

g, ()] =M (K) 5 vy e K.

that case g also satisfies (3.8) for every K cc ch (B). Conversely, if
listribution g e D' satisfies (3.8) then (3.5) holds.

Next we consider the case that the limit £ exists in S'. Let C be
open cone in R™ and let for each C' cc C R(C') be a positive number
sending on C'. Let B be an open set in R" containing each set
| y e €', 0 < Iyl <R(C")}. Let £ be a holomorphic function in 7% which

-isfies a stronger condition than (3.1), namely

.9) 2y | < me) +lxD™CD Gaigt ™y, y e e, Iyl < R(CN




r each compact subcone C' of C and for some k and m(C') depending on C'.
may let k depend on C', too, but in lemma 3.3 it will be shown that (3.9)

satisfied for a fixed k anyhow. Then the limit

£ = 1im f (x+1y)

y>0

yeC'
ists in S; and it is independent of C' and the path y -~ 0 in C', see
ADIMIROV [9,th.26.3]. Here the most general case arises if R(C') tends
zero as C' approaches C. Now £" is called the boundary value of f(z)
S' on the distinguished boundary. Clearly £* is attained in Z', too,
t if the limit exists in Z' only, (3.3) shows that the boundary value
Z' may be concentrated on other sets than the distinguished boundary as
l1.

Let g = F_l[f*], where £" is the boundary value in S' of a function

z) satisfying (3.8), then g belongs to S'. The representation (3.7) now
lds for y € C', 0 < Iyl < R(C'") and for m"(K) > i(m(C') + n+1) and
) = R(C')zi-l. Also here the integral is independent of y. Therefore,

¢ any & € R" we can choose a suitable Y = Ve For £ ¢ C'" and

I > 1/R(C") we chooseyE e C' with ”yE" = 1/lgll, Then yg-g < 1 and
< yeg for all y e C', Iyl < R(C'). For £ ¢ C' we have mi ye& < 0.
* yepr
: the minimum be attained for y%, then we take Ve = R(C')yé and we have

yg)-g < yeg, Vy € C'5 Hy” < R(C')-

7 we take y = y_ in the integral in (3.7) and we find that for every C'

£

:;re are a positive integer m(C'), constants Ma(C‘) and continuous func-

ns g oy on ng la] < m(C*), such that g can be represented as
3
a
g, < D" g .. (8)
® lalsm(cy  %C
.10)
k ey°£

I, (E)] <M (CT)(1+lEl) , ¥y ec', lyl <Rr(c").

R(C') < R for all C' cc C and if in (3.9) m is independent of C', then
(3.10) m(C') and the functions 8, ¢t can be chosen independent of C'.

The following lemma shows that f(z) satisfying (3.9) for C' cc C




11

isfies (3.9) also for C' cc ch(C), hence that g e S' satisfying (3.10)
isfies (3.10) also for C' cc ch (C).

MA 3.3. Let C be an open cone in ng let for each compact subcone C' of C

') be a positive number and let B be an open set in RY containing every
{y | yeC, 0«<liyl <R} If £(2) s a holomorphic function in ?
t satisfies (3.1) such that the limit £% in 2' as y » 0 belongs to S',

w £(z) attains this limit already in S' as y > 0, y € C' cc ch (C) and,

cover, £ satisfies (3.9) for each C' cc ch (C) and R(C') such that

1) {y 1 y e C', 0 < Iyl <R(C')} < ch (B).

in (3.1) n(R) does not depend on K, then m(C') in (3.9) does not depend
c'.

OF. Fix C' cc ch (C) and choose C" and C"' with C' cc C" cc C"' cc ¢ch (C).
R(C"') such that (3.11) holds for c' = C"', Let UO be an open e-neigh-
hood of C"*, then there is a 6 > 0 such that for y e C' =-y-£< -slyllel

£ € UO outside a compact set. Finally choose finitely many vectors

e pr C"' and positive numbers 6j < 1 such that the open sets

v, = {g | vyt < —Sjlfﬁ:!l} n {g ] -y-g < 26j“£", y e pr C'},

1,...,p, cover C". Let {A.}?=O be a partitionof unity subordinate to
» covering j§0 U. of Rp, such that Aj is a multiplier in S' for every j.
; for all y e C', Iyl < 1/4 R(C"'") the functions

R(C"")y.*E~-y-¢E
>\J(€)e J 5 j=07='°sps y0=09

ong to S. In lemma 5.2 it will be shown that the Fourier transforms of

) e_y°€ gg, j=0,...,p, where g ¢ S' gatisfies (3.5), are equal to
-R(C"")y. & R(C"")y."E+1iz-¢ .
<e . g,akj(i) e ] Tgre 17 0, 1s.--5ps

spectively. Hence if g = F_l[f*]g we obtain for y ¢ C', Iyl < 1/4 R(C"")




[£(z)]| = IF[e—y'g ggll = IF[_§ AJ-(E) eV E ggll <

3=0
. P -R(C"")y.-¢ R(C"")y.-&£+1iz°¢
< l<garg(e) e ¥ 5 e ] Jce T g (e ) >
i=1 :
— 7 m"i
<, (12 sup (140)S e Syl m' (€™

+ M, (C") (141 21)
t>0

mcet) ()€ (g 7

IN

r some Ml’ m and k depending on g and some MZ(C"') depending on M(K) in

.1) and m'(C"") depending on m(K) in (3.1), where K = {y [ y e C"',

= R(C"'")}. Together with (3.1) this yields (3.9) for C' cc ch (C).
Furthermore, it now follows that g can be represented as in (3.10),

nce that the set {e—y.ggg | vy e ¢', Iyl < R(C')} is bounded in S', where

C') is such that (3.11) holds. Since the limit as y > 0 of e-—y'g gE

ists in D', this limit exists in S' as y > 0, y ¢ C'. Hence f(x+iy) ~ £*

S' as y > 0, vy € C' cc ch (C). 0
Altogether we have obtained the following theorem.

EOREM 3.4. Let f be a hoZomofphic function in TB, satisfying (3.1),

2re B 78 an open set in R™. Then it satisfies (3.2), too. The limit £
f(z) as y > 0 exists in Z' and its inverse Fourier transform g satisfies
.8) for every K cc ch (B). Conversely, a distribution g e D' satisfying
.8) for K cc B satisfies (3.8) for K cc ch (B), too and then the function
.6), which is defined because (3.5) holds, satisfies (3.2). Moreover, if
.11) holds, a function £ holomorphic in TB, has a boundary value £ in

, provided that f satisfies (3.9), which then is satisfied for C' ccch (C);
0. Then the inverse Fourier transform g of £ satisfies (3.10) for every
cc ch (C). Conversely, a distribution g e S' satisfying (3.10) for

cc C satisfies (3.10) for C' cc ch (C), too and then the function (3.6),
teh is defined because (3.5) holds, satisfies (3.9) for C' cc ch (C).

2se 18 no mixture of these cases, i.e., a holomorphic function f in TB,
such that (3.11) holds, satisfying (3.1) and having a boundary value £

Z', which 18 an element of S', satisfies already (3.9).

<




We conclude this section with an example of a function f that satis-

s (3.1). Let B = {y | y>0} C'R} and let

(
f(z) = z

-+ cosz)
cosz

some positive constants A and B

[f(z)] < M(y)(]+|X|)A/Sinh y + B cosh y _

A

M(r,R) (1+]x AT FBCOSh R oy cg

IN

m(r,R) be an integer larger than A/r + B cosh R + 2, then for all

o = J°E F“[f(x+iy)]E -

(o]

i/cosz + cosz -iz§&
J z e

zm(r,R)

dx =

£ 2w

(i D )m(r,R) 1

-0

® )m(r,R)

: g p(8) € D'

» continuous function 3 R(&) satisfies for all r <y <R
b

I8, g =M @R T

I3
g, () =M (T,R) e >0
g, p(B)1 = M (e,R) & NIE, £ <0

ANALYTIC REPRESENTATIONS OF REAL CARRIED ANALYTIC FUNCTIONALS AND
OF THEIR FOURIER TRANSFORMS

In Section 3 we have discussed the behaviour of a function £(z) for

| small and we have seen that it does not change if we deal with a

ch (B).

. B . . . . . .
nain T or its convex hull T In this section we will discuss 1t




r Iyl large, namely we will consider holomorphic functions f(z) in ¢ of
ponential type in lyl. Then f(z) will not satisfy the same estimates for
e C or for y € ch(C), but they differ by a factor °c in the exponent.
e support of the inverse Fourier transform g of the boundary value £° of
ch functions f is contained in a certain, convex set. We will obtain
presentations of analytic functionals p in Z', which are carried by Rp,
boundary values of holomorphic functions, and also characterizations and
alytic representations of the inverse Fourier transforms g ¢ D' of p., In
rticular this yields the case that yu and g both are tempered distributions,
ich case is treated in VLADIMIROV [9, 26.4 th.2].

Let £ be a holomorphic function in TC, where C is an open cone in RrR".

is shown in VLADIMIROV [9, 26.6], that, if f satisfies for every o > 0
1 m -k v
[£(z)] < P(C ,0)(]+"z“) (1+||y" )exp(b+o)||y||, y e C

¢ some m, k and b 2 0, then the distribution g ¢ S' in (3.6) has its

port in the set
1) (e | -yse<b, yeprcl={c] u,(e) <bl.

> proof does not depend on the behaviour of f for lyl small, nor on the
:t that m is independent of C', cf. (3.9). Hence instead of (3.9) f may
:isfy (3.1) for lyl small, so that (3.6) holds for some g ¢ D'. Then the
ne proof as in VLADIMIROV [9] combined with theorem 3.4 shows that the

llowing theorem is true.

IOREM 4.1. Let the holomorphic function f in 7€ satisfy for every r > 0,
> 0 and C' cc C

m(C*,r)

. 2) [£(z)]| < P(C",r,o0) (1+lizl) exp(b+a)lyll, yecC', Iyl >r

» some m(C',r) depending on C' and r, some b = 0 and some constant
2t,r,0) depending on C',r and o. Then £(z) = FreV°¢ ggj(x) and
% f(x+iy) = Flgl in Z' for some g e¢ D' with support in the set (4.1).

The converse of this theorem follows from theorem 3.4 and the proof
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[9, 26.4,th.2]. We consider distributions g in D', which are represented
sum of weak derivatives of measures satisfying a condition like (3.8).

t any distribution in D', satisfying (3.5) with B=C and with support in
onvex set, can be represented in this way, will be shown in the next
tion. The advantage of writing g as sum of derivatives of measures is

t it enables us to let the ¢ vanish in (4.2), if C is convex.

OREM 4.2. Let g be a distribution in D', such that for each C' cc C and

0 g can be represented as

a
g_ = ) D- oy .y _(E),
2 lo|<m(C',r) o, C0,T

e the measures u depending on a, C' and r have their support in

a,Ct,r
» set (4.1) and satisfy

3) j eVt jau ()] <M (C,r), Vyec, Uyl >r

]Rn

a,C',r

» some positive integers m(C',r) depending on C' and r and for some
;1tive constants Ma(C',r) depending on a, C' and r. Then for y e ch (C)
: function £(z) = F[e_y'E ggj(x) 18 holomorphic in TCh «:)and satisfies
» eqch C' cc ch(C) and r > O

' -
NECT) oyp o blyl, vy e T, Oyl 2

4) [£(z)| < P(C',r) (1+lzl)
» some positive integers N(C',r) and constants P(C',r) both depending on
and r. Moreover, lim f(x+iy) = Flg] <n 2' and if m(C',x) <s independent

' s
C' and r, then N(C',r), too.

Since the distribution g in theorem 4.1 satisfies the conditions of
corem 4.2 (cf. section 3 and the next section) and since °c = 1 if C is

nvex, we obtain the following corollary.

ROLLARY 4.3. Let the cone C be convex, then a function f that satisfies
.2) satisfies (4.4) with oc = 1, Z.e., in (4.2) P is actually independent

(02




We now give a characterization of all distrib
irier transforms u ¢ Z' are carried by Rr" (see
ready seen that, if p ¢ Z' is the boundary value
is carried by R". Hence it remains to characte
irier transforms admitt an analytic representati
oary 4 € Z' which is carried by Rr” F_lfu] satisf
»n. Moreover, this yields an analytic representa
cried by R".

If a closed, convex, cone c* in R™ is the du

n

R, it does not contain a straight line. We de

that the following properties hold:

P
.5) R" = .U, C.,

.6) int C; n int C; =, i # k,

>re each C; is a closed, convex, cone not contai
lle the union of any two comnes C; contains a str
»perty restricts the number p of cones used, n+l
-e it states that in some sense the cones C. are
: C; be the dual of the open convex cone Cji the
1e. Such a cone C can alsc be obtained directly

.f spaces Vk (Vk = {¥ | Ek°y > 0} for some €k €

‘h that R™\ {0} U Vk’ while R™\ {0} is not

k=1
7 r—1 half spaces Vk’ hence n+l < r < 2n. Then e
:tion of n half spaces Vk’ i.e.,
C=U{V. n...nV },
kO kn—!

:re the union is taken over all n—tuples {ko,...

2y...5,7}. For example, if n=2 we may take
c={y ! 0<¢<1/3n} v {y % 2/3n< ¢ <}

wre ¢ = tg yz/yl, or

)" whose

We have

rphic function,
- e D' whose

ow that for
racteriza-

lents in Z°'

n cone C

0 such cones

ght line,
The last
nd further-
possible.
is an open
let r open
be given
the union of

e inter-

from

<$<5/3m},




C=1{y | 0<o<1/21} u {y | 1/2n<¢<n} u {y | m<o<3/2m} u
v {y | 3/2n<¢<2n}.

P
ve write C' cc C, we mean C' = jgl Cg with C! cc Cj' Furthermore, let
s5e the characteristic function of the set C;.

Let g ¢ D' be such that for any C' cc C and any ¢ > 0 g can be

resented as

_ o
g, = )} D" g,

¥
 lal=m(c,e) Ce

re the continuous functions 8, C'.¢c satisfy
3 b

3 NARS T >
7) Mj (£) ga’c,’g(aﬂ <M, j(c s€) e 7, ¥y e Cs Iyl = €,

b

(4.3). Then by (4.5) and (4.6) for ¢ € D we have

<g, 0> = ) (-1 J By 1, (8) D" 0(E)dE =

o la]<m(C',e)

P
l a

} (‘l)la J A.(8) g . _(E) DT o9(E)dE,

lo]<m(C™,e) j=1 ] a,C',¢e

ce

(¢4
D Aj(g)f—’,a’cv E(g)

9 e

8)

‘A1
I
ho~—1d

j=1 lo|<m(C',¢e)

follows from theorem 4.2 that Fl[gl is the sum of boundary values in Z'
C .

functions fj’ holomorphic in T J, satisfying for all C3 cc Cj and £ > 0

ENOTE p(cé,e>(1+nzu>N(C§’E)

s y € CS: "y” Z €,
~j=1,...,p, respectively. Hence F[g] is an element of Z' carried by
Since for any C' cc C there is a positive number &(C') < 1 such that

®

AN CS and £ ¢ C;9 3= 1,e.05D5




9) s(CcHlIyllel < yog < Iyllel,

dition (4.7) is equivalent to: for every e >0 g can be written as

Da g (g)a
lol<m(e) @€

. . n .
re the continuous functions 8y o OM R~ depend on e and satisfy
3

1) g, ()] =M () e E

. . n . .
Next consider an element u of Z' carried by R. As in section 2, for
e >0 yp can be represented as a measure W on an e-neighborhood Q(e)
n . n . . . . .
R in € satisfying (2.4). Let u be the Fourier transform of a distribu-

n g e D'. Then for any positive € < | and ¢ ¢ D

<g,¢> = f L[ ae () =
(2m™
Q(e)
> > —ige du_(2)
= f 1 . J¢(E) (l—Dg'Dg)m(E) iz £ dr ”“‘E‘”ER;3‘=
ey (3M (1+2-2)
> > (e) e_izig
= | {(1-D_-D_ )" s (£)} J du (z) de,
J ot oley @M 4z e
ce gg = (}'3°g)m(€> gE(E), where 8, is a continuous function on R which
isfies
1 i elel
lg ()] < — K e ,
€ (2n)n (l_EZ)m(e) €

., & satisfies (4.10).
In the following theorem not only F[g] but also g is represented as

of boundary values of holomorphic functions.

OREM 4.4. The following four conditions for a distribution g ¢ D' are

tvalent:
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Flgl e 2' is carried by R".

-

For any € > 0 g can be represented as 8 = Ialgh(r) D" g, E(g),
. = = s

. . n . .
where 8, . are continuous functions on R~ satisfying
3

el el
g, ()] <M (&) " "

3
F[g]cis the sum of boundary values in Z' of functions fj holomorphic
in T 3 satisfying for any 03 cc Cj and any € > 0

N(C',¢€)
£:(2) ] s P(Cé,e)(]+ﬂz“) I, y € C}’ Iyl > ¢

for j = 1,...,p, respectively, where Cj’ j=1,...,p, are any cones
satisfying (4.5) and (4.6) and where P(C%,e) and N(C},e) are constants

depending on C3 and €.
) g_ts the sum of boundary values in D' of holomorphic functions hk in

70k satisfying for any E& cc Ek and any € > 0

by (2)] < M(E&,e)(]+ﬂnﬂ—m(€>) eEHE", n e Eﬁ

for k = 1,...,8, respectively, where Ek’ k=1,...,p, are any cones
]

satisfying (4.5) and (4.6), where M(EL,E) depends on Ek and €, and

where m(e) depends on e only.

JOF. We only have to prove that (4) is equivalent to one of the equiv-

snt conditions (1), (2) or (3). As in VLADIMIROV [9,th.26.3] it follows

~

it (4) implies (2). Now let g e D' satisfy (3) and let C = U£=l Ek be
-one satisfying (4.5) and (4.6). In what follows C' cc C in (3) 1is

xed, but e is variable. Let us write zj = x + iyj if yj € Cj and

=g + ink i € Ek' Since all the integrals exist and Lebesgue's

ninated convergence theorem may be applied, for ¢ e D, N> 4{N(C',e) + n+1}

if n

6| yj € Cé’ "yjﬂ >e, = 1l,...,p, Wwe get
-1z.°§

p f.(z.)e N
<g, 0> = ) L1 ! J ]_J dx (-D-D)" ¢(£)de =
L X
R

N
(Zj’zj)




_iz,.g

p P f.(z.)e
1 f N
=1 f )} T | e (BB e(edae -
=10 k=1 @ ) (220
_Ck J ]
-1z.°¢C
B fj(z.)e 1k YN
= [1 lim ‘ J — dx (-B-B)" ¢
k=1 = n>0 j=1 (27r)n ~% (zj'z )
ﬂk€eé k
-iz.-¢
P P | f.(z.)e 3 K o
= z lim f 2 = J J _J N dx (~D-D)
k=1 n,~>0 n j=1 (27) * (z.°z.)
kfé' R _Ck J
MMk
ﬁ . f p 1 f "iZj'Ck
= z lim Ll - J f.(z.)e dx ¢(g) dg,
k=1 ny>0 =1 ot e
. _
”kEak k

sre C! cc C, for k l,...,p. The function

P 1 —izj.C
J11) h (2) = z I* fj(zj)e dx

n
1 (2m)" _
Ck

holomorphic in R" + iEk and the terms in the sum are independent
spectively., Furthermore, by taking yj € C3 with "yj” = ¢ in (4.11)
: that for any € > 0 and any EL cc Ek hk satisfies
<
b (D] <

_ N
N(C',e) + ntl ee"g" S(Ck)ﬂx

1
<P p(cv’e)(]+€)N(C 5€) J (1+0xl) _
@ ok (1+0xH™
_Ck
< M(ELSS)(]+”n”_m(€))eE"£”, . av’

re m(e) = N(C',e) + n+l. Hence g satisfies condition (4). [J
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JLLARY 4.5. Any analytic functional w in Z' carried by R" is the sum of

wdary values in Z' of functions fj satisfying (3) in theorem &4.4.

ARK 4.6. The above mentioned analytic representations of u and g are in
ways not unique. Firstly, there is an arbitrariness in the number
tween n+l and Zn) and the choice of the cones Cj’ j=1,...,p, OT
k=1,...,p, as long as they satisfy (4.5) and (4.6). Secondly, if the
25 C = U?=1 Cj and C are fixed, the functions f in TC (i.e., £ = fj in

) and h in T  are not unique. For example, instead of (4.8) g may just

well be written as

P o p i\
g = | { ] o' @, @)+ ] ow g
© =1 Malsm(e) ] ’ k=1
h g, satisfying (4.10), where th are arbitrary distributions with
s . .
port in c* n C* with the restrictions that th = —th and that for each

k
0 th can be represented as sum of weak derivatives up to order m(e) of
i . . -cl el 3
sures uikg(i) on C; n CE satisfying fe elé |duik€(€)| < Mu(e). Now
. 9 )
Jk] is the boundary value of a function holomorphic in R™ + icﬁ1(Cquk).

ce f' is another representation of p if its difference with f satisfies

P
f(z) - £'(2) = kzl ?jk(Z)’ vy € Cj

i=1,...,p, where F, are arbitrary functions, holomorphic in

ik
+ ich.(Cquk) satisfying

N(C},Ci,e)

Fo (2] < P(CE,CL,E)(]+H2") , ¥ e ch(ciucy),

"y" 2 €,
= - = { Y
h that ij = ij@ Or, when C ULVkO n n an_l}, {fko...kn_]} and
...y )} represent the same p if
0 n—1
n—-1 ;
£ - f! = ) (-1)°F ~ ,
kgeeRooy kool b kge o okynnk

re k. denotes that the index k. is omitted, for arbitrary functions

holomorphic in RY+ i (V. n ... nV, } satisfying estimates
1 i i
i n-2 0 n-2




above, provided that f, f' and F are antisymmetric in their indices.

. T .
‘e U is represented by the (n) functions

£ } :
kO’“'kn—l {ko,...,kn_]} e {1,...,r}
the order kO"'kn-l in the n—-tuples {ko,,..gkn_l} is such that
n~-1 . .
Joo(-1)3 [kgeooksonik 1= 0
(kgs-eesk T e (1,000, =0
. . . .y . .
re [10,s,1n_2] denotes the rearrangement lgeeei of Tgeeel_os such
t ié < < i;_z, preceded by the sign of the permutation
. e .y . -
el o - lyeeel o For example, if r n+1
ntl .
- _ _]+l * "
v= 1 D S U
i=1
if r=2% ¢ - .n {y | e > 0} where €. = 1, then
> Yepeeeey o oj=1 Y i73 ;T
o= z Epee€ f: .
eje{~i,l},j=lge,.,n 1°°""n ?

~

MARTINEAU [5]. The representations equivalent to h ¢ TC are obtained

ilarly.

ARK 4.7. At a first glance theorems 4.1, 4.2 and 4.4 (2) and (3) (with
7) instead of (4.10)) resemble theorems 10, 11 and 12 in section 6 of
MICHAEL [1]. There too, on the one hand holomorphic functions in TC
considered satisfying a condition similar to (4.2), namely with N
stant and with P independent of r and o in [1, formula (34)] as well
lependent on r in [1, last formula on p.753 and formula (54), hence

)] and on the other hand distributions U in D' satisfying conditions
ilar to ours (4.3) and (4.7), but with Ma independent of C' and r in
formula (48) and the last formula on p.756] as well as dependent on
in [1, formula (47)]. Therefore, the functions 8, in [1] are bounded or
1 identically zero (the function 8y in [1, last formula on p.7581). In

theorems 10,11 and 12] finite Fourier transforms of elements Ue D'(A)
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h support in a certain, unbounded, convex set are represented as boundary
ues in Z‘(i?) of certain holomorphic functions. Furthermore, the distri-
ions U are represented as weak derivatives of continuous functions on
 so that also U ¢ D', However, the support of U as element of D'(A) is
the same as the support of U as element of D'. According to the defini-
n of support (see section 2) any element U « D' (A) has compact support,
ce its (finite) Fourier transform is the boundary value of an entire
ction, which result indeed is obtained in [1, theorem 1], cf. [4,IIT §2.3].
turns out that the proofs of theorems 10, 11 and 12 in [1] yield a
onger result than the statements, namely they give the analytic represen-—
jon in Z' of the ordinary Fourier transform of U, where U is regarded as
element of D'. In this form [1, theorems 10,11 and 12] resemble our
orems 4.1, 4.2 and 4.4 (2) and (3), but although nowhere mentioned
ylicitely, the boundary values in [1] are always attained in S', too,
| actually the theorems in [1, section 6] are particular cases of the
sorems in VLADIMIROV [9]. Only the one dimensional "corollary'" to theorem
on [1, p.753-754] shows that boundary values in Z' are really intended.
-thermore, there is one more difference between [1, section 6] and this
er, namely, before taking the Fourier transform in [1, theorems 11 and
] U is reflected to U. This is due to the fact that the definition of
irier transformation in [1], the one of [4], has not been "motivated by
>arseval relation'". For, defining F[UJ] by requiring fF[U],F[¢]>Z, =
(2ﬂ)n <U,¢>D,, ¢ ¢ D, one should take the complex conjugate of f in (2.1)

order to get a Parseval relation.

AMPLE 1

g g ¢ S' satisfies the conditioms of theorem 4.4, Then the functions fj
(3) of theorem 4.4 satisfy

£ < pecty (14l z Y (14151 7y y e cl

r some N and k, cf. corollary 5.4, and a similar estimate holds for the

nctions hk in (4).




AMPLE 2

yziven by

dz

an element of Z' carried by the origin. Its analytic repres

1
x+iy

p = lim {exp },

y+0

x-1y exp

ich is unique moduloc polynomials. The inverse Fourier transf
$ exp(l/z-izg)dz is a function infRngwhich can be continu

action g with for every e > 0

o

lg(e)] = mM(e) e5Nel,

‘e F_][u] does not belong to S'.

\MPLE 3

cepresented as

i/cosz _i/cosZ
-z }

p = 1lim {z
y+0
an element of Z' carried by (-«,0] u {in} v {%n} U ... and

irier transform is a finite order distribution g in D', whic
long to S'; for any € > 0 g can be represented as in theore

I. the example at the end of section 3) or as sum of boundar

as n >0, ne C! cc Ek’ of holomorphic functions h, given b

k k

FOURIER TRANSFORMATION AS A TOPOLOGICAL ISOMORPHISM

In this section we topologize the space of distributions
:isfying (4.3) and the space of analytic functions f satisfy
:h that the Fourier transformation F in theorems 4.1 and 4.2
jical isomorphism. We also prove a representation theorem of

ms f and for these functions lemma 3.3 can be improved. In

ire
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theorems of this section are used to derive the Fourier transformation
ween functions f of exponential type in both lIxl and lyl, holomorphic
tubular radial domains, and certain spaces‘of analytic functionals with
ounded, convex, carrier. In general, these functions f do not have
tributional boundary values on the distinguished boundary, but as a
ticular case the analytic representation is obtained of distributions
D' being the Fourier transform of elements in Z' carried by certain,
ounded, convex sets in ¢®. In this form the theorems of [6] are opposite
the theorems of this section.
First we remark that the correspondence between the expomential type

I of f in theorem 4.1 and the set (4.1) {& | -y*& < b, y epr C} can be
leralized to exponential types varying with the direction of y and
yitrary convex sets. Let b be a convex function of y ¢ C homogeneous of
ree one, where C is an open convex cone in R"™. This means that b(y) is

:ermined by its value on pr C

b(y) = Iyl b (Tr%!r)’

> convex open cone C and the convex homogeneous function b on C determine

:losed convex set U in R" by
t (
1) U 2= u(b,C) = {¢ | -y-€£ < b(y), y € C}.

b can be continuously continued to pr C, then C and C determine the same

wex set U(b,C).

. n . .
Conversely, each closed convex set U in R determines an open (possi-
. . n . n
y in some linear subspace of R), convex cone C 1in R and a convex,
. n
nogeneous function b on C by: let for y ¢ R and for some real number o

y,a) be the affine halfspace in rR"

H(y,a) = {€ | -y<& < o};

en C is the interior (possibly in some linear subspace of Rp) of the set

all y ¢ BR® such that U c H(y,a) for a real number o depending on y and




.2) b(y) = sup -y-&.

€el
is open in RrR" (hence, C is not contained in a proper linear subspace) if
d only if U does not contain a straight line. Note that b(y) might not be
sitive for all y ¢ pr C, in which case U determined by (5.1) does not
ntain the origin.

Secondly we discuss representations of distributions g with support in
closed set U as sum of weak derivatives of measures. For arbitrary sets U
ch a representation is not always possible, because U has to satisfy
rtain properties, see WHITNEY [11] and more generally SCHWARTZ [7] or
ADIMIROV [9] and [10]. Here we only need that it is sufficient if U is
e closure of a convex, open set. It is shown in WHITNEY [12] that a c”-
nction ¢ on the closed convex set U (see WHITNEY [11]), whose derivatives
e uniformly continuous and bounded on U, can be extended to a ¢ -function
an e-neighborhood of U, which is bounded there. Hence ¢ can be extended
a C —function % on RrR" which, together with its derivatives, is bounded.
reover, it follows from the construction of $ in [12] that, if
p(E) > 0 as £ » » in U (hence then Du¢ is uniformly continuous in U), this
s0 holds for 5 as £ > » in R".

Let a(m) and B(m) be two non-decreasing sequences, where for every m
least one of the inequalities a(m+1) > a(m) or B(mt+!) > B(m) holds and
= Mm(g) be a positive ¢ -function on R™ which outside the unit ball

1als

(1+”€")a(m) eB(m)HgIIa

> any closed set V the norms

sup D% Mm(€)¢(€)[
EeV
o] <m

sup M (&) |D%9(e) ]
EeV
ol <m

> equivalent and also it is equivalent to assert




In
=]

lim D% M_(£)¢(8) = 0,  lal

E>o

eV

lim M_(£) D% ¢(£) = 0, lal <m.

g

geV

t us denote by wm (M ;V) the Banach space of C "_functions ¢ on the

osure V of an open, convex set (in the sense of WHITNEY [11]) with the

rm
!lcbiim = sup M (&) lD (e |
£eV
o] <m
d with
lim M_ (g) D% () = lal < m,
Ero
eV

. WLOKA [13] and by W(V) the Fréchet space

W(V) = proj lim wm M V).
——
len the restriction map I from W(]Rn) into W(U) is surjective, cf.
ADIMIROV [10] in case B(m) = 0. According to TREVES -[8, th.37.2] the
-ansposed map I' from the dual W(U)' of W(U) into the dual w(]Rn)' of
‘R™) is injective and has weakly closed range. Therefore, W(U)'" can be
' of w(]Rn)' consisting of

U
le elements with support in U. Indeed, W', by the definition of support
p

lentified (by means of I') with the subspace W

see section 2) vanishing on the space of all ¢ « W(R™) with support in

°, also vanishes on the closure of this space, which is just Ker I. Then
-cording to TREVES [8, prop. 35.4] W{J is the weak closure of Im I' and

k)

U

Furthermore, we may conclude that W(U)' is a closed linear subspace

ince this is already weakly closed I'(W(U)') = W

f W(R™)'. For, it follows from WLOKA [13] that the identity map from
+1, . . .
z é(M +19]R ) into wm (M ‘R" ) is compact, hence that W(]Rn) is an
’
-space, see FLORET & WLOKA [31] (W(]R ) is even a nuclear FS- space).

ence W(]R )' can be written as inductive limit (LS-space) and it is




flexive. Therefore, Im I' is even strongly closed. Now the following
tural embedding maps are bijective and continuous

¥
ind lim W2 (M 50)' — WD) —— u < WR™D".

>
a property of LS-spaces (FLORET & WLOKA [3,25.1]) the closed sets of the
rst space are closed in w&, where wé = Im I' is regarded as a closed sub=-
ace of W(Igw'ﬁ Therefore, the three spaces are equal also as topological
aces. Thus W(U)' is an LS-space, hence W(U) is an Fg—space9 and W(U)' 1is
closed linear subspace of W(R™M)".

Finally, by Riesz' representation theorem distributions g ¢ W(U)' can

represented as sum of weak derivatives of measures ua on U such that

g = D" Hyo
o] <m
roldu (8)]
= < la] < m,
M, (&) ’ B
k >

ere m and k depend on g. For this reason we required that Mm(i) p” d(g)~>0
g » «» in U, for, in that case the measures Moo according to Riesz'
eorem being defined on a compactification of U, yet are concentrated
U.
Now we discribe the space of the distributions g of theorem 4.2. In
e remaining C will be an open, convex, cone in R". Theorem 4.2 holds

r convex homogeneous functions b(y) instead of blyl as well. Let
.3) sk, cy et proj Lim W' (((1+1E1)™ exp(1/KIEl)3U(b,0)),
9

ere U(b,C) is given by (5.1). For p > k the identity map maps Sk(b,C)
ntinuously into Sp(bgC)g hence the strong dual Sp(b,C)' of Sp(bgc) into
(b,C)". Now define the space

s¥b,0)" &L oroi 1im s¥b,0)7.
k—> o0

leting (!+N{ﬂ)m from the weight functions in (5.3) would yield the same
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1ce S*(b,C)', but Sk(b,C) in the form (5.3) is an FS-space. We choose
increasing sequence'{Ck}:=1 of convex subcones of C exhausting C, such

. . *
it, when 6k > 0 is a number with for y ¢ Ck and & ¢ Ck+1

) y-£ > 6 Iyllel, cf. (4.9),

an {1/k Gk};=l is a decreasing sequence of positive numbers. In view of

€ U(b,C) is compact (see the proof

» fact that for any k the set (C;+1)
lemma 5.1) the distributions g in S*(b,C)' are just the g € D' of

sorem 4.2.

WMA 5.1. For all k there is a p > k such that for any z = x+iy with

€ Ck and Iyl > 1/k

elzte sP(b,0), .

*

OOF. For every £ ¢ (Ck+1

c . _— .
)~ there is an Ve € pr Ck+2 with

& -
COS(Yg,m) < 6k+1 s

* C .
us -yg-g > 6k+1"£“' Then for every & ¢ (Ck+1) n U(b,C) it follows from
.2) that

5k+1"£" < sup -y*& < sup b(y) ggiébk.

yePT Ty YePr Cyyp
b
us with d, = we get for these &

k §
k+1

Il .

gl < dk

w let p > k/ék, then using (5.4) and (5.2) we find for y « Ck’ Iyl > 1/%

id every m

sup  (1+1eD)™ exp(Liely |p* 27| <
£eU(b,C) P

ol <m

< sup  (1+ED™ 2% exp(é—%{%)ﬂgﬁ "

*
eCrr

ol <m




+ sup (1+d )™ 12%] exp(+ d_+b(y)) <
k P k
|a]<m

sup (1+6)™ exp—(& Sk - %) t.

t=0

< M (142" L)

» lemma follows from the fact that for all t = 0

(l+t)m exp - 8t < Km 1/<Sm

: some constant Km depending on m. [

As an element of S' the Fourier transform of e—y-& gg with ge S*(b,C)
known. We can now formulate a simple representation of this Fourier

insform.
MA 5.2. For any vy ¢ C and g « S*(b,c)'

5) F[en}“g gg](x) = <g ,elz.g>.

JOF. Let us first assume that moreover g ¢ S'. Let a be a ¢ -function

‘h support in U(b+1,C), equal to 1 in U(b,C), such that a is a multiplie
S'" (here (b+1)(y) = b(y)+lyl). Then a(f) e-y-E € S

¢ € S, we obtain

for every y ¢ C.

£

— -y [ {xe
<F[e ¥ ggg],qp = <e 7 ggg, J et* £¢(X)dx> =

<a<g>e'y'€gg» J ¥ g (x)dx> =

]RI'[

r
<g£’ J a(g)e

]Rn

iz

[}

¢ (x)dx>

»

£

iz

‘thermore, a(&)e o (x) € Sg,x

< by TREVES [8,(51.7)] we get

and considering g, as a distribution in
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-ye& 1z°E _
<Fle gg],¢>x <g€,a(£)e <i>(X)>£’X =

1z £>

f
J <g€,a(£)e . 6 (x)dx =

]Rﬂ

E>
£

<<gga(8)e’ T L0

nce

<gg’d(i)eiz'g>

1}

_ygg
Fle gg](x) gr-

Now we take g € S*(b,C)' and y ¢ C. Let Yo € C be such that Y=Yq € C
d let p be such that for £ in U(b,C) outside a compact set —yo'g <
1/plel. Then multiplication by exp —yO-E and restriction to U(b,C) is a
ntinuous map from S into sP(b,C), so its transpose is continuous from

(b,C)" into S'. Hence e 0 g ¢ S' and according to above

~(ymyg) e YgE Yo i(z-iyg)-¢
Fle e gg](X) = <e gg,d(é)e g1 T

—y e i(zmiyg) € .
- <gpe | aloe ° > = <ge? 00
: U(b,C) SP(b,C)" -

Theorem 4.1 also holds for convex homogeneous functions b(y) instead
" bllyl, if C is convex. Therefore, we get a representation of the function
of theorem 4.1 (cf. CARMICHAEL [1,th.131). Let f be holomorphic in TC and

itisfy

N(C',r) c’

7.6) [£(z)| < P(C',r,0)(1+lzl) exp{b(y)+alyl}, zeT ,

“y" >r

)r all C' cc C, r > 0 and o > 0.

YROLLARY 5.3. For any function f that satisfies (5.6) there 1s a distribu-
ton g € S*(b,C)' such that

5.7) £(z) = <g€,elz £,




With this representation lemma 3.3 can be improved so that m(C') in

8) no longer depends on C',

OLLARY 5.4. Let the boundary value £ in 2" of a function £ satisfying
6) belong to S'. Then f attains this boundary value already in S' as

0, v € C'" and f satisfies the stronger condition

A

8) 1£(z)| < PCC) (1+1z)™(1+1y1 %) exp b(y), y e c',

every C' cc C and some m and k.

OF.In view of (5.7) it is sufficient to represent g = F_l[f*] as sum of

k derivatives of measures in U(b,C) and to estimate

sup  (1+lehyk p® 2278
EEU(b,C)
|a|<m

in the proof of lemma 5.1. []

We now define a topology on the space H*(b,C) of functions f satis-

ng (5.6) by

9) H*(b,C) ggi proj lim ind lim Am<g§g:2£zl;ﬁgl+ iC(k)),
k> Moo (140 2™

re Am(M(z);Q) denotes the Banach space of holomorphic functions in §
h finite sup norm SUB M(z)|f(z)| and whereC(k)=C n {y [ y > 1/k}. Here
Ze

continuous maps from

k

gP def Am(eXP"b(Y);]Rn + iC(p))
m (141 z1H™

o Ht, 2 >m, p = k, are the natural injections. By changing this repre-

tation of the space H*(b,C) somewhat, one can see that H*(b,C), just as
b,C)', is the projective limit of nuclear LS-spaces: let for each k

+1/m}m=! .
es of C with intersection Ck\{O} and let C(k+1/m) =

be a decreasing sequence of convex, relatively compact sub-

k+1

okl /m " {y | Iyl > k+1/m}. Then also
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H*(b,C) = proj lim ind 1lim H§+1/m

k> m>©
| from the compact embedding theorems between A-spaces in WLOKA [13,
sorem 2,84.2, where the condition d(Sn,CSn+1) > 0 may be replaced by
c Glj follows the above mentioned property.
The following theorem gives the Fourier transformation in theorems

and 4.2 as an isomorphism.

IOREM 5.5. The Fourier transformation F: S*(b,C)' — H"(b,C) given by

(z) = <g,_, 1zet, for g € s*(b,C)' is a topological isomorphism.

g

JOF. In the proof of lemma 5.2 it is shown that for g € S*(b C)' and

e C e—yo Egg indeed belongs to S', so that the Fourier transformation
,5) is 1-1. Hence F is an injective map from S (b,C)' into H* (b,C)
:ording to theorem 4.2. Theorem 4.1 says that this map is moreover
-jective. In order to prove the continuity of F it is sufficient to show
1t for each k there is a p such that F is a bounded map from Sp(b,C)'

o) H (b,C) EEE 1nd 11m Hk, because as an LS-space Sp(b,C)' is bornologic,
> FLORET & WLOKA [3] So, let B be a bounded set in Sp(b,C)', where p is
{11 to be chosen. This means that for some m B is bounded in the strong
11 of wi’O(ME;U(b,C)), where ME(E) = (1+||€||)m exp(1/plel). Hence there

a K such that for all ¢ e Wo O(Mg;U(b,C)) and g ¢ B
9

<g,¢>1 <K sup  MP(E) [D” 4()I.
€€U(b,C)
ol <m
v we choose p > k as in lemma 5.1 and replacing ¢(£) by exp iz*£ in the
sve estimate yields for the images f = F(g)

£ < kg (402" LS I T By

K?
nce F(B) is bounded in Hk thus bounded in Hk(b,C).
Next we prove the contlnulty of F . Again it would be sufficient to
ow that for each k there is a p such that F_] is a bounded map from the
-space 1n%+11m Hp l/m into S (b,C)'. So, let us start with a bounded set

p *1/m for some m. This set is certainly bounded in Hg. However, the




ements of a bounded set A in Hg are holomorphic in Ifl+iC(p), so that we
nnot expect that F—I(A) c Sk(b,C)'.
Let p > k and let Yo € Cp be such that
1

o< Dyl <

-

en f(z+iy0) is holomorphic in EJ1+iCp if f € A and it satisfies there
|£(z+iy)| < M(1+1z1)™ exp b(yty,) < M' (1+1z1)™ exp b(y),

cause b(y) is homogeneous and convex 2b(y+y0) = b(zy+2yo) < %b(y)*-%b(yo).
T

nce the set B' = {g’ I gt = [f(x+1y0)] f ¢ A} is a bounded set in S'
d every g' ¢ B' has its support in the set U(b,C ) Since y £<il/k"£"

ltiplication by exp Yo't maps B' into a bounded set B in S (b C )'
cording to corollary 3.2 and (5.5) we have for f ¢ A and all y such that

p i(z+iy )£ ¢ S¥(b,C)
0 p

“(y+y,) & yoE
Fle 0 e 0 gé] =

.10) £(z+iy,) = Fle V6 38

i(z+iyo)-£

= <B.s€ Z s

€
r some g € B. By (3.4) g is 1ndependent of Vg SO that F (f) =

ace F (A) is bounded in S (b,C )‘s If £ also belongs to HE for a larger
¢ > m, then still we would have found the same g. Therefore, F—] is a
atinuous map from H*(b C) into Sk(b,C )'! for any p with the same image
every space S (b C )', p=1,2, spThus F_] is continuous from
(b,C) into pr05+1lm S (b,C ), whlch equals S (b,C)" because S (b Cp+1)'
a closed 11near subspace of S “(b,C )'. Hence F - is continuous from
(b,C) into S (b C)' for all k and 31nce in (5.10) g is also independent

k, it follows that F -l is a continuous map from i (b,C) into S*(b,C)’.

Similarly, when the boundary values of the functions f exist in S', we
1 topologize the spaces of these functions and of their inverse Fourier
insforms, so that the Fourier transformation is a topological isomorphism.

¢ that purpose, let
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s(b,¢) 2L proj lim W (1D ™5U(,0))
m—}oo
| let
H(b,c) 38L& ind 1im proj lim Aw< eXP‘b(Y)_ s R™ +ick>.
- Kkreo (1+1 2P+l ™™

»,C) is an FS-space and as a consequence of the following theorem

»,C) is an LS—space. Also here for any z ¢ TC exp iz* £ € S(b, C)

ma 5.2 holds for g e S(b,C)'. Similarly to theorem 5.5 with the aid of
\DIMIROV [9, th.26.3 and 26.4, th.2] one can prove the following theorem,

ich gives the Fourier transformation of [9, 26.4 th.2] as a topological

>morphism.

ZOREM 5.6. The Fourier transformation F: S(b,C)' — H(b,C) given by

2)(2) = <g€,elz.£> for g € S(b,C)' s a topological L8omorphism.

MARK 5.7. At the beginning of this section it is shown that S(b,C)' is a
>sed linear subspace of S'. However, S*(b,C)' as a subset of D' carries
finer topology than the one induced by D'. For, letn=1, C = {y | y> 0}
i b=0, then the function G(E)eg belongs to D', but not to S*(b,C)',
cause e(g)e(l“y)E ¢ S' if 0 <y <1 (here 8(g) = if £ > 0 and 6(&) =

£ < 0). Furthermore 6(&) Zk 0 1/k! E belongs to S~ (b,C)' for every N

d the limit for N - « converges in D' to e(é)e , hence it does not con-

rge in S (b,C)', which as projective limit of complete spaces is itself

mplete.

We end this paper with a last striking property of functions in H*(b,C)
H(b,C), when the function b is moreover uniformly continuous in C. Let
¢ pr C, then w ¢ pr C' for some C' cc C. Since for C' cc C" cc C

b,C) n C: is bounded and since for £ € c*
shel < weg < Hgl
r some § > 0, in (5.3) the weight functions exp(1/klgl) in the definition

S*(b,C)' may be replaced by exp(l/k weg). Then a function f € H*(b,C)

tisfies for each € > 0 and z ¢ E§1+i{aw-+c}




1£(2) ] < l<g€,eiz"5>|

IN

LeyeE—ye
K'E'(1+||z|| )m(s) sup (1+Ilgﬂ)m(€)e2€W £-y-¢ <

g€U(bsC)

m(e)

IN

K;(]+Nzﬂ)m(e) sup exp(ew=E=-y+g) < K;(]+Hzﬂ) exp b(y-ew) <

EEU(b,C)

u)m(E) eb(Y),

IA

K (]+"z
€

cause b is uniformly continuous in C. Since this property for functions
€ H*(b,C) is not true for general convex homogeneous functions b, we see
at it was right to divide C into kgl C(k) instead of EQO{QW+C} in the
finition (5.9) of H*(b,C), A similar property holds for functions f in
b,C).

For example, we may take b constant on pr C, i.e., b(y) = blyl where

w b is a number. Then we have obtained the following corollary.

ROLLARY 5.8. If a holomorphic function f in TC, C open and convex,

tisfies (4.2), then it also satisfies for every e > 0
[f(2)]| < P(e)(]+"z")N(E) exp blyl, v e ew+C

r some fizxed w e pr C. If f satisfies (5.8), where b(y) = blyl for some

nber b, then f also satisfies for some m' = m and every e > 0

§
1£(z)] < P(e)(1+lz)H™ exp blyl, y € ew+C.
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